ISSN 2072-5981

doi: 10.26907/mrsej

Volume 21
Issue 1
Paper No 19106
1-5 pages
2019
doi: 10.26907/mrsej-19106

http://mrsej.kpfu.ru
http://mrsej.ksu.ru

Established and published by Kazan University
Endorsed by International Society of Magnetic Resonance (ISMAR)
Registered by Russian Federation Committee on Press (#015140),
August 2, 1996
First Issue appeared on July 25, 1997
© Kazan Federal University (KFU) *
"Magnetic Resonance in Solids. Electronic Journal" (MRSej) is a
peer-reviewed, all electronic journal, publishing articles which meet the
highest standards of scientific quality in the field of basic research of a
magnetic resonance in solids and related phenomena.
Indexed and abstracted by
Web of Science (ESCI, Clarivate Analytics, from 2015),
Scopus (Elsevier, from 2012), RusIndexSC (eLibrary, from 2006), Google Scholar,
DOAJ, ROAD, CyberLeninka (from 2006), SCImago Journal & Country Rank, etc.

Editor-in-Chief
Boris Kochelaev (KFU, Kazan)
Honorary Editors
Jean Jeener (Universite Libre de
Bruxelles, Brussels)
Raymond Orbach (University of
California, Riverside)

Executive Editor
Yurii Proshin (KFU, Kazan)
mrsej@kpfu.ru
This work is licensed under a Creative
Commons Attribution-ShareAlike 4.0
International License.
This is an open access journal which means that
all content is freely available without charge to
the user or his/her institution. This is in accordance
with the BOAI definition of open access.

Technical Editor
Alexander Kutuzov (KFU, Kazan)

Editors
Vadim Atsarkin (Institute of Radio
Engineering and Electronics, Moscow)
Yurij Bunkov (CNRS, Grenoble)
Mikhail Eremin (KFU, Kazan)
David Fushman (University of
Maryland, College Park)
Hugo Keller (University of Zürich,
Zürich)
Yoshio Kitaoka (Osaka University,
Osaka)
Boris Malkin (KFU, Kazan)
Alexander Shengelaya (Tbilisi State
University, Tbilisi)
Jörg Sichelschmidt (Max Planck
Institute for Chemical Physics of
Solids, Dresden)
Haruhiko Suzuki (Kanazawa
University, Kanazava)
Murat Tagirov (KFU, Kazan)
Dmitrii Tayurskii (KFU, Kazan)
Valentine Zhikharev (KNRTU,
Kazan)

* In Kazan University the Electron Paramagnetic Resonance (EPR) was discovered by
Zavoisky E.K. in 1944.

Short cite this: Magn. Reson. Solids 21, 19106 (2019)

doi: 10.26907/mrsej-19106

Decay of multiple quantum NMR coherences
in quasi-one-dimensional chains in calcium fluorapatite†
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Multiple quantum (MQ) nuclear magnetic resonance (NMR) experiment is considered on chains
of fluorine atoms in calcium fluorapatite. The second moments of the line shapes of the MQ
coherences on the evolution period of the MQ NMR experiment are calculated analytically in the
approximation of nearest neighbor interactions. The calculated values are used for a description
of the experimental data with semi-phenomenological formulas assuming that the relaxation of
the MQ coherences follows the Gaussian law on the evolution period. A satisfactory agreement
with the experimental data is demonstrated.
PACS: 03.65.-w, 76.60.-k.
Keywords: multiple quantum NMR, multiple quantum coherence, relaxation, dipole-dipole interactions,
zz model, second moments.

1. Introduction
Multiple quantum (MQ) spectroscopy [1] is an effective method for investigating the spatial
distribution of nuclei in solids [1–3]. It also proved useful for the study of correlated clusters on
the preparation period [4, 5] and the dependence of the decoherence time in strongly correlated
clusters on their size, both in three- [4] and one-dimensional cases [6]. This is possible because
MQ nuclear magnetic resonance (NMR) experiment allows both creating correlated clusters of
spins (on the preparation period) and studying their relaxation (on the evolution period) [7, 8].
The relaxation on the evolution period occurs due to the dipole-dipole interaction. The second
moments of the line shape of MQ coherence of various orders are useful for estimating the speed
of dipolar relaxation of those coherences. In the present work, we consider the fluorine chains in
fluorapatite. The distance between neighboring chains in the crystal is about 2.7 times bigger
than the distance between the neighboring fluorine atoms on the same chain, which allows us to
consider the system to be quasi-one-dimensional. The chains are sufficiently long that they can
be considered infinite for calculation purposes; besides, in the zz model, calculations for several
finite (6 to 48 atoms) chains did not give better agreement with experimental data than the
calculation for an infinite chain [9]. The behavior of the system on the preparation period, in
the approximation of nearest-neighbor interactions, had been investigated in [10] and an exact
solution found. Only MQ coherences of order 0 and ±2 appear. We use that solution as the
initial condition for investigation of the behavior of the system on the evolution period. The
density matrix of the system has the form:
ρ(τ ) = ρ0 (τ ) + ρ2 (τ ) + ρ−2 (τ ),

(1)
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where ρn (τ ) (n = 0, 2, −2) describes the coherence of order n. The ρn (τ ) can be expressed as
follows:

1X
ρ0 (τ ) =
cos [2Dτ sin(k)] 1 − 2a+
ak ,
(2)
k
2
k
1X
sin [2Dτ sin(k)]ak a−k ,
(3)
ρ2 (τ ) = −
2
k
1X
ρ−2 (τ ) =
sin [2Dτ sin(k)]a+
a+ ,
(4)
k −k
2
k

where D is the dipolar interaction constant between nearest neighbors, τ is the length of the
+
N
N
N
preparation period; k = 2πn
N (n = − 2 , − 2 + 1, . . . , 2 − 1); N is the chain length; and ak , ak
are the fermion operators:
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z
z
2 e
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(5)

where Ij+ , Ij− are the raising and lowering operators of spin m respectively, and Ijα is the
α-projection (α = x, y, z) of the spin angular momentum operator. On the evolution period, we
use the following Hamiltonian:
Hdz =

N
−1
X

Dij



2Iiz Ijz

−

Iix Ijx

−

Iiy Ijy

i=1



=

N
−1
X


Dij

2Iiz Ijz

i=1


1 + −
− +
I I + Ii Ij
,
−
2 i j

(6)

However, the analytical calculation of relaxation of the MQ coherence on the evolution period
with this Hamiltonian is too complicated. Therefore, we only calculate the second moment of
the line shape of the relaxation of that coherence:
(n)

M2

=−

1 d2 Fn (τ, t)
Gn (τ )
dt2

,

(7)

t=0

where Fn (τ, t) is the intensity of the MQ coherence of the order n after a preparation period of
length τ and evolution period of length t.
By substituting the expression for the intensity of MQ coherence


Tr e−iHdz t ρn (τ )eiHdz t ρ−n (τ )
Fn (τ, t) =
Tr(Iz )2

(8)

into (7), we obtain the following expression for the second moment of that coherence:
(n)

M2

=

Tr {[ρn (τ ), Hdz ][Hdz , ρ−n (τ )]}
.
N 2N −2 Fn (τ, 0)

(9)

For a comparison with the experimental data, we note that the relaxation of the MQ coherences
on the evolution period can be approximated by the Gaussian function, with the addition of a
constant term for the MQ coherence of order 0:
Fn (τ,0)M

(n)

2

h
i − F (τ,0)−A2(n)  t2
n
(n)
(n)
st
F̃n (τ, t) = Fn (τ, 0) − Ast (τ ) e
+ Ast (τ ).

(10)

The constant term is added because there exists a part of density matrix (2) not subject to
dipolar relaxation [11], which is responsible for the MQ coherence of order 0 not tending to zero
(at time scales considered here, which are much less than T1 ). We use the analytical expression
for the stationary coherence intensity from there.
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Calculation of the second moment of MQ coherence of order zero We have found that the
flip-flop part of the Hamiltonian (6) in the approximation of nearest neighbor interactions
Hf f = −

N −1
D X + −
+
(Ii Ii+1 + Ii− Ii+1
)
2

(11)

i=1

commutes with the ρ0 (τ ) part of the density matrix (the order-0 MQ coherence at the end of
the preparation period) in the limit of infinite chain length. Therefore, the flip-flop part does
not contribute to the second moment of MQ coherence of order 0. This allows us to use the
solution in the zz model [9, 11], with the Hamiltonian
Hzz = 2

X
i<j

Dij Iiz Ijz =

X

Dij Iiz Ijz .

(12)

i6=j

A long calculation [12] gives
(0)
M2 (τ )

= 4D

2




2J02 (2Dτ ) + 2J22 (2Dτ )
,
1−
1 + J0 (4Dτ )

(13)

where Jk are the Bessel functions of the first kind of order k.

2. Calculation of the second moment of MQ coherence of order two
For the MQ coherence of order 2, the flip-flop part of the Hamiltonian has to be taken into
account. Using the formula (9), we need to calculate

Tr [ρ2 (τ ), Hzz + Hf f ][Hzz + Hf f , ρ−2 (τ )] =


= Tr [ρ2 (τ ), Hzz ][Hzz , ρ−2 (τ )] + Tr [ρ2 (τ ), Hzz ][Hf f , ρ−2 (τ )] +

(14)



+ Tr [ρ2 (τ ), Hf f ][Hzz , ρ−2 (τ )] + Tr [ρ2 (τ ), Hf f ][Hf f , ρ−2 (τ )] .
The cross terms (the second and third summands in the right-hand side of the above equation)
turn out to be zero. This can be shown (for the second summand) as follows. ρ2 (τ ) is a sum
of terms, each of which is a product containing two raising operators, one of which acts on an
odd-numbered spin, and the other on the even-numbered spin. This is easier to see from the
solution on the preparation period for the finite chain [13]. The same is true for the commutator
[ρ2 (τ ), Hzz ]. On the other hand, the commutator [Hf f , ρ−2 (τ )], as a simple calculation shows,
is a sum of products containing two lowering operators acting on two even-numbered or two
odd-numbered spins. Therefore the trace of their product is zero. (The proof for the other term
is similar.) That means the second moment of MQ coherence of order 2 is a sum of contributions
from flip-flop and zz parts of the Hamiltonian.
Again, the solution for the intensity of MQ coherence on the evolution period in the
zz model [9, 11] can be used for the calculation of the contribution of the zz part. The contribution of the flip-flop part can be calculated using the fermionic representation. In the end, we
obtain the following [12]:



4D2
3
1
(2)
2
M2 =
1 − J0 (4Dτ ) − 2J1 (2Dτ ) − J2 (4Dτ ) .
(15)
1 − J0 (4Dτ ) 2
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3. Comparing the theoretical predictions and the experimental data
The experiments were performed on a Bruker Avance III spectrometer on a single crystal of
calcium fluorapatite with static magnetic field of 9.4 T (the corresponding frequency on 19 F
nuclear spins is 376.6 MHz). The results of the comparison of the semi-phenomenological formula
(9) and the exact solution in the zz model with the experimental data are presented in Figs. 1, 2.
One can see that the semi-phenomenological formula (10) with calculated coefficients gives a
better agreement with experimental data than the exact solution in the zz model.
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Figure 1. Experimental (points) and theoretical (lines) intensity of MQ coherence of order 0 for length
of the preparation period of 126 µs in fluorapatite. The solid line is the Gaussian function with the
calculated stationary intensity, initial intensity and second moment. The dashed curve is the prediction
of the zz model. The horizontal axis is at the theoretical stationary intensity.
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Figure 2. Experimental (points) and theoretical (lines) intensity of MQ coherence of order 2 for length
of the preparation period of 139.2 µs in fluorapatite. The solid line is the Gaussian function with the
calculated initial intensity and second moment. The dashed curve is the prediction of the zz model.
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